Abstract. We introduce the product by generators of complex nilpotent Lie algebras, which is a commutative product obtained from a central extension of the direct sum of Lie algebras. We show that the product preserves also the characteristic nilpotence provided that the multiplied algebras are S-algebras. In particular, this shows the existence of nonsplit characteristically nilpotent Lie algebras h such that the quotient
A nilpotent Lie algebra g is called characteristically nilpotent ( short CNLA) if there exists an integer m such that g [m] = 0, where g [1] = Der (g) (g) = {X ∈ g | X = f (Y ) , f ∈ Der (g) , Y ∈ g} and
In [8] it is shown that this condition is equivalent to the nilpotence of the Lie algebra of derivations. CNLAs were introduced in 1957 by Dixmier and Lister [4] , and have constituted an interesting object of study since then. It is well known that, given two CNLAs g 1 and g 2 , their direct sum g 1 ⊕ g 2 is also a CNLA. This allows to construct such algebras in arbitrary dimension. However, the disadvantage is the splitness of the resulting algebra. In this paper we introduce a commutative operation × on the variety of complex nilpotent Lie algebras, which is called product by generators. This product is a natural generalization of the direct sum, and it has the remarkable property of preserving nonsplitness. Moreover, for the subclass of nilpotent S-Lie algebras the product by generators of two CNLAs is also characteristically nilpotent ( and nonsplit), generalizing the result obtained by Leger and Tôgô in [8] for the direct sum. In particular, we can construct nonsplit CNLAs for which the proportion between the elements in the derived algebra which are not central and the center is as small as wanted.
Let g 1 and g 2 be nilpotent Lie algebras of dimensions m 1 , m 2 , respectively. Suppose that {X 1 , .., X m1 } is a basis for g 1 such that {X 1 , .., X n1 } generates the algebra, 
where {e 1 , .., e n1n2 } is the canonical basis of C n1n2 . The proof of the next assertion follows at once :
It is well that the central extensions of a nilpotent Lie algebra g are defined by cocycles for the trivial representation [5] . This justifies the following :
Definition. The product by generators g 1 ×g 2 of g 1 and g 2 is the central extension of g 1 ⊕ g 1 defined by the cocycle class of ϕ.
., Z n1n2 be a basis of the product, where
Since the generators of the two component algebras are connected, g 1 ×g 2 is split if and only of either g 1 or g 2 is a split algebra. As usual, the center of a nilpotent Lie algebra g is denoted by Z (g), while the ideals of the central descending sequence are denoted by C i g, where
Proposition 2. For nilpotent Lie algebras
In particular, no filiform Lie algebra can be a product by generators.
Proof. Let g be a such product and g 1 , g 2 the subalgebras which define it. As any nilpotent Lie algebra has at least two generators, and the product by generators combines precisely these vectors, the product g 1 ×g 2 has at least four generators. Now the adjoined vectors are central, and as dim Z (g i ) ≥ 1 for i = 1, 2, the assertion follows. Now, if g were filiform, we would have dim
Corollary. If g is a product by generators, then dim (g) ≥ 10.
Corollary. If g is a product by generators of characteristically nilpotent algebras, then dim (g) ≥ 18.
Proof. The lowest dimension for which CNLA exist is seven [6] . Thus, as these algebras have at least two generators and a one dimensional center, the minimal dimension for a product g 1 ×g 2 is 18.
Let g 1 and g 2 be nilpotent Lie algebras and consider the product by generators g 1 ×g 2 . It is clear that as vector space we have g 1 ×g 2 = g 1 ⊕ g 2 ⊕ g 3 , where
The following relations hold :
where
Proof. Let X, X ′ be arbitrary elements of g 1 . Then
From the brackets of g 1 ×g 2 it follows that
This shows that D 11 is a derivation of g 1 and that D 21 C 1 g 1 = 0. From the third identity it follows moreover that D 31 C 2 g 1 = 0. Reasoning with elements X, X ′ ∈ g 2 we obtain that D 22 ∈ Der (g 2 ) and
and reordering as before
and as [X,
Similarly we obtain D 23 (g 3 ) ⊂ Z (g 2 ). Now, taking X, X ′ generators of g 1 and g 2 , respectively, we have
This shows that D 12 X ′ ∈ T 1 and D 21 X ∈ T 2 , from which the last assertion follows.
Remark. Observe that if
In particular, algebras satisfying this were used in [7] to prove that the deletion of the center by any derivation is not sufficient for an algebra to be characteristically nilpotent. For an example of a CNLA g for which
1 g consider the algebra introduced by Luks in [10] .
The following result gives sufficient conditions to ensure that
Suppose that any generator X of g i satisfies one of the following conditions
there exists a generator
Proof. Let X be a generator of g 1 satisfying the first condition. From the preceding proof we have 
Remark. Clearly any CNLA g i satisfying T i ⊂ C 1 g i or the requirements of proposition 4 is an S-algebra. Thus all nonsplit classical examples of CNLAs satisfy the preceding definition ( [1] , [3] , [9] , [10] ).
In what follows, we will require that the Lie algebras g i are also S-algebras. With these conditions, we have, for any derivation D = i,j D ij :
From this, it is easy to deduce the following relations
Lemma. Let j = 1, 2. For any m ≥ 1 we have
Remark. Observe that this result is false if it is not assured that
Lemma. Let i, j ∈ {1, 2}. Then following equalities hold
The proof follows immediately from succesice application of the relations (1) to (4). From these facts, it is elementary to see that for any k ≥ 1 we have
Remark. Observe the similarity with the corresponding formula for the direct sum [8] . The residue of the second summand is due to the fact that g 3 is an abelian ideal generated by g 1 and g 2 and that D 33 is not a derivation. Proof. Let X ∈ g 1 and X ′ ∈ g 2 . By the definition of g 1 ×g 2 , [X,
From the relations (1) to (4) and the form of D k in (5) it is easy to see that the last identity simplifies to [4] : it has basis {X 1 , .., X 8 } and law
Consider the product g×g. It is 32-dimensional with 20-dimensional center. As this algebra satisfies T = {Y ∈ g | [Y, g] ⊂ Z (g)}, its product is characteristically nilpotent. Observe in particular that D 33 =. This follows from the fact that any derivation of g maps the algebra into C 1 g. Thus
for any derivation D.
Example 2. Consider the algebra L given by Luks in [10] . It has basis {X 1 , .., X 16 } and law
Clearly it is an S-algebra, as its generators satisfy proposition 4. Let g be a characteristically nilpotent S-algebra with k generators. Then, for any n ≥ 1, the n th power × n g = g×...×g ( n times ) is characteristically nilpotent. Morever, we have
The proof follows by induction over n. Observe in particular that where codim h Z (h) = dimh − dimZ (h). Now, the number of elements in C 1 (× n g) which are not central equals
Corollary. For any ε > 0 there exists a nonsplit characteristically nilpotent Lie algebra h such that
Proof. Let N ∈ N be such that 1 N < ε. Let g be any nonsplit characteristically nilpotent S-algebra with k generators. Consider the n th -power × n g, where
Then we have dim
Observe that for any n, the number of elements in C 1 (× n g) which are not central increases linearly, while the number of central elements increases quadratically.
